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I. EXACT MAP DERIVATIONS

Section 2 of the main text summarizes the results in [2]| for calculating the exact maps between two consecutive
impacts. Ideally, we would like to derive closed-form solutions at the (j + 1)** impact (ZJH, tj+1) if given the gt
impact. The closed-form solutions enable us to study the global dynamics of the VI-EH system. However, we briefly
showed in Section 2 of the main text that deriving the closed-form solutions is not feasible. In this section, we expand
the solving process for the closed-form analytical expressions for the BTB motion.

BTB motion is composed of maps Prp o Py, where map Prp : (Z; € 0T, Z;,t;) — (Zj41 € 0B, Zj11,tj41) and
map Ppr: (Z; € 0B, Zj,tj) — (Zj41 € 0T, Zj+1,tj+1). The equations are

Ppr: Zjg=-rZj+3- (tis1 —t;) + Fi(tjs1) — Fi(t)),

d d . g
—5 =5 % (G =)+ 5 (G — 4)° + Balti) — Fa(t) — Filt) - (41 — 1) (S.1)
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Prp: Ziya=—rZig1+7- (tiva — tis1) + Filtjr2) — Fi(tj),

i d . g
3= "5 i1 (G2 — i) + 5 (G2 = 4540)° + Faltine) = Fo(tin) — Faltin) - (42 — ti41)

2 2
(5.2)

If given f(t) = F(mt+ ) = cos(wt+ ), then Fy(t) = L sin(wt +¢) and Fy(t) = — 25 cos(wt+¢). The maps Ppr, Prp
can be written as follows:

Zjpa = =12+ (ti1 — ;) + %(smwm + @) = sin(mt; + 9)), (8:3)

—d=—rZ; (tjt1 —t;) + g (tjy1 —tj) %(cos (mtjt1 + @) — cos(mt; + go)) (S5.4)
(11— ) sin(rt; + ),

Zivr = —rZpa 43 (42 — i) + = (sinlaty o +0) — sin(ty i + ) (5.5)

d=—rZj1 - (tjya —tj41) + g (2 = tj41)? — %(COS(WUH + ) — cos(mtji1 + 90)) (S.6)

1 .
= —(tys2 = tjp1) sin(mtj1 + @)
First, unpack (S.4):

1 1
gyt + 98 —5 cos(mtj1 + @) + — cos(t; + )

_d:—T’ZtJ+1—|—T’Zt—|— 2]

2 J-‘rl
1. 1.
- S1n(7rtj +@)tit1 + - Sln(ﬂt]’ + p)t;

Sort all terms containing ¢;41 such that it’s a quadratic equation on the LHS and cosine on the RHS:

: L. 1 t;
3 ]2+1 - (ij +gt; + = sin(mt; + <p))tj+1 + (d +rZit; + 2tf — cos(mt; + @) + = bln(ﬂ't + @))

1
= cos(mtjt1 + @) (S.7)



Equation (S.7) has a solution if the quadratic function on the LHS and the cosine function on the RHS have an
intersection. If ¢;,;1 has a closed-form solution, then the expression can be written as a function of Z; and ¢;:

tiv1 = hi(Zs,t5) (S.8)

Observe equation (S.3) that Z;,, is a function of Z;,t;11, and t;. Apply (S.8) in (S.3), we can rewrite (S.3) as a
function of Z; and ¢; only:

Zjs1 = ho(Zj, tjy1,t5)
= ho(Zj, h1(Z;,t5), )
= ha(Z;,t;) (S.9)

By unpacking and regrouping (S.6), the equation can be written as a quadratic equation of ¢;4 on the LHS and

cosine function of ;4o on the RHS as well. This means ;2 can be written as a function of Zj+1 and ¢j4+1. Apply
(S.8) and (S.9), we have

tite = ha(Zji1,t541)
= ha(hs(Z;,t;), hi(Z;,15))

by definition of 95, V10 = mod (mtjya + ¢, 27) = he(Z;,t;).
Applying (S.8), (S.9), (S.10) into (S.5), Z;42 can be written as a function of Z;,¢; as well:

Ziva = h1(Zj1, tiva, i)
= ha(hs(Z,t;), hs(Z5,t5), hi(Z5,1;))
= hs(Z;, ;)
Therefore, the exact map for BTB case Prp o Pgr can be written as
Zjso = hs(Z;.t;)
Vo = he(Z;,t;)

Solving (S.7) which involves finding ¢;; that satisfies both the quadratic equation on the LHS and the cosine function
on the RHS is the main obstacle in finding the closed form solution for (Zj+2, tj+2). If we had the explicit expression
for tj41 = hl(Zj,tj), the explicit expressions for hi(Zj,tj),i = 2,3,...,8 would follow. However, it is not possible
to write down an explicit expression for the solution to (S.7). Therefore, we are not able to find the closed form

expressions for Z; o and 9;4o.

II. COEFFICIENTS FOR THE COMPOSITE MAP

In Section 4 of the main text, an algorithm for constructing the composite map is developed. The composite map
combines the approximate return maps for each subregion R; for i = 1,2,3,4,5 in Fig. 3(b) of the main text. The
approximate return maps are given in terms of the variables (v, ¢y) that denote the approximate relative impact
velocity on OB and the corresponding impact phase, respectively, at the k" return to dB. In this section, we give
the specific coefficients of the approximate maps.

A. Region Ry

The polynomial approximate map of R:

91 (Vk, @1) = ao + a1 + a2k + azdi + asPrvk + asvi + asPrvk + azdrvi + asvy,

S.11
f1(vk, d1) = bo + b1k + bovy, + b3di + badrvy, + bsvi + bedpvi + brdrvy + bgvy, (511



where the coefficients are functions of d.

ap = —1.499d? + 18.39d + 10.21,
ay = —196.5d* + 146.2d — 51.59,
as = 81.56d% — 47.97d — 28.93,
as = 257.1d% — 189.4d + 45.34,
as = 380.3d% — 321.8d + 104.5,
as = —218.2d* + 125.2d + 7.025,
ag = —361d% + 268.6d — 59.56,
a7 = —84.22d* 4 91.69d — 35.86,
ag = 167.4d* — 111.7d + 14.11,

The polynomial approximate map of Ra:

B. Region R»

by = —381.7d? + 210d — 27.04,
by = 777.6d* — 438.9d + 59.89,
by = 1036d? — 567.3d + 76.38,
by = —487.7d? + 278.1d — 38.23,
by = —1504d* + 860.1d — 121,
bs = —961.4d> + 535.5d — 75.31,
bg = 599.4d> — 345.7d + 48.48,
by = 706.9d*> — 413.1d + 60.34,
bg = 313.2d? — 180d + 26.68.

92(P1) = agody + a2 ¢f + a2di + axsdp + asadr + ass,

F2(vk) = bagvp, + bay v + bagv} + bagvi + bagvg + bas,

where the coefficients are functions of d.

(S.12)

asy = —314721.3d° 4 491841.99d* — 306600.36d> + 95280.8d° — 14757.75d + 910.99,

as1 = 3254508.65d° — 5091024.58d* + 3176650.07d> — 988128.92d> + 153191.85d — 9465.61,

age = —12716817.41d° + 19914833.37d* — 12439815.01d> + 3873678.24d% — 601181.49d + 37187.01,
a3 = 23067186.96d° — 36172597.397d* + 22625380.93d> — 7054633.67d* + 1096273.23d — 67901.79,
agy = —18352978.56d° + 28821687.94d* — 18053223.19d> + 5636927.09d> — 877183.51d + 54409.05,
ass = 4085295.603d° — 6431417.18d* + 4038349.16d> — 1263982.02d° + 197165.56d — 12259.01,

bao = —8423791.87d* + 10162592.6d> — 4551825.9d% + 895903.8d — 65176,

by1 = 39053115.4d* — 47089789.2d° + 21089709.9d° — 4152787.8d + 302441.7,
bao = —72167960.4d* 4 86937329.1d> — 38914922.6d> + 7662387.6d — 558347.5,
bas = 66515161.4d* — 80025768.3d> 4 35789133.6d% — 7043852.7d + 513345.19,
bos = —30587995.6d* + 36746130.9d> — 16414881.8d° + 3228420.6d — 235247.1,
bos = 5609812.9d" — 6728373.2d> 4 3001779.6d> — 589859.9d + 42967.7.

The polynomial approximate map of Rg:

C. Region R3

_ 2 2 3 2 2
93(Vk, @) = azo0 + 3010k + a302Vk + 3030 + A304PkVE + 305V, + A306Pk + A307PRVE + G308 DKV
3 4 3 2 9 3 4 4

+ azo9Vy, + a310P), + A3119LVE + 431205 V), + 3130V, + A314V) + 3150,V
3 9 2 3 4 5
+ a316P VL, + a3179% V) + A318PKVE, + 319V,

f3(vi, dk) = b3oo + bso1 Pk + b302vk + b303 Bz + b3oadrvk + b3osvi + baosds + baordrvk + baosdkvr + bsogvy

+ b31003 vk + b311050F + b3126kv) + b3130) + b314divE + ba15Pivs + ba16drvy + b3irvp,

(S.13)



where the coefficients are constants.

asopo = —4.708 - 107°,

asp1 = 0.99,

azo2 = 3.456,
azo3 = 0.0483,
azos = —11.35,
asps = —13.29,
azos = —0.06063,
asor = 39.33,
asps = 111.7,
azgg = 70.26,

asip = 002214,

asz1; = —45.86,
asz1o = —235.6,
as1z = —323.4,
aszyy = —148,
ass = 18.32,
asie = 143,
as1r = 331.9,
az1g = 308.4,
asro = 114.2,

bsoo = 3.311- 1072,
bszp1 = 0.0002375,

b3p2 = 0.4358,

bso3 = —0.0001751,
bsos = 0.268,

bsos = 1.895,

b3 = 8.499 - 1076,
bsor = —0.3043,
bsos = —10.54,

bsge = —12.81.

D. Region R4

The polynomial approximate map of R4:

94(dk) = aso @y, + aa10) + as20j + aszdy + asa,
fa(vr) = baov§ + barv] + bagv? + byzv} 4 bagvi + basvi + bagvi + bazvg + bas,

where the coeflicients are functions of d.

bs10 = 0.09745,

bsiy = 16.8,
bsio = 44.31,
b1z = 29.58,
bsi4 = —8.853,
byis = —38.48,
bsig = —51.93,
byir = —24.49,

as0 = —25564661d° + 38856593d* — 23532532d° + 7099885d% — 1067289d + 63961,

as1 = 187346514d° — 284624988d* + 172304032d° — 51964934d> + 7808829d — 467815,

agy = —508479594d° + 772240827d* — 467346559d> + 140905675d% — 21168395d + 1267853,
ag3 = 605074088d° — 918738962d* + 555892718d°> — 167571538d> + 25170155d — 1507297,
agy = —267117434d° + 405554166d* — 245366553d° + 73959909d% — 11108535d + 665192,

byo = —33678323446d* + 39732483684d> — 17535685854d> + 3431234055d — 251148526,
by = 83698133214d* — 98744923307d> + 43580936553d° — 8527653549d + 624188381,
biy = —87552753895d* + 103292995807d> — 45588589509d? + 8920591453d — 652957616,

bas

50107657144d* — 591158435704 4 26090961385d* — 5105403132d + 373701618,

bas = —17068153916d* + 20136255271d°> — 8887112566d% + 1738997288d — 127289906,
bas = 3522641275d* — 4155665872d> + 1834037891d? — 358869361d + 26267846,

bys = —427643189d* + 504439390d° — 222608632d> + 43555467d — 3187931,

bar = 27780980d* — 32762498d° + 14455481d% — 2827938d + 206958,
bag = —737999d* + 869871d> — 383650d% + 75032d — 5489.

E. Region Rs

The polynomial approximate map of Rs:

95(p1) = asody + as19; + asadr + ass,
f5(vr) = [bsovf: + b1} + bs2vf + bssvr + bsal,

(S.14)

(S.15)



where the coefficients are functions of d.

aso = 2064.98d* — 1231.18d°% — 75.3328d> + 138.871d — 19.476,

a5y = —19752.202d* + 12355.348d° + 119.244d* — 1133.696d + 166.629,
a5y = 61428.79d* — 39362.33d> + 662.836d> + 3177.32d — 485.139,

ass = —62366.62d* + 40245.2d> — 1078.83d% — 3068.1d + 482.49,

bso = —3327935009d* + 4251589868d° — 2036587076d> + 433686951d — 34659098,
bsy = 49128168d* — 628668996d> + 301980243d* — 64578564d + 5193379,

bsy = —24532591d* + 31293322d°> — 15007193d> 4 3211068d — 259329,

bss = 438110d* — 552384d> 4 262235d° — 55690.3d + 4496.38,

bsy = —5.8882d* + 7.2206d° — 3.2965d° + 0.6646d — 0.0499.

III. THE COEFFICIENTS FOR THE v SECOND-ITERATE MAP

In Section 6 of the main text, a method using the auxiliary map approach is developed. In regions where the
approximate maps are two-dimensional, we decouple the 2D systems into the 1D auxiliary maps. We construct a new

composite map MEL‘N), defined in (6.3), which assists us in identifying the global attracting region of the system. In

the meantime, a higher-order iterate map is derived using MEL‘N) to show the global dynamics and to pinpoint the
location of the global absorbing domain.
In the case of vy, the second iterate map, equation (6.10) in the main text, has a closed-form expression:

Vk+-2 ('Uk; Grmins ¢max) = fn(fn (Uk7 ¢max)a ¢rnin)
= ag + a1v} + a2vf + azvp + aavy + azvl + agvl + arv]l + asvl + aguy, (5.16)

where a;,7 =1, ...,9 can be calculated if given the parameters d, ¢min, dmax since by, ..., bg are functions of d. Each
coeflicient «; are polynomials with combinations by, by, ..., by, Gmin, and Gmax:

ag = bo + boba + bbs + bbs + b1 bmin + b0babmin + b3b7Gmin + b3GPin + b0b6Dmin + b1b2Gmax + 2b0b1b5 Gmax
+ 303b1b8Pmax + b1D4GminPmax + 2600107 GminPmax + D106PrminGmax + b2b3Pray + DIbs Gy + 2b0b3b5 Ppay
+ 3b0bTbs Pnax + 3030308 Do + D304 GminGoax + D107 PminDiax + 2000307 Pimin P + 0306 P rmin Pimax
+ 2b1b3bs O3 0 + bIbs B0y + 6b0b1b3bs B + 2b1b3b7 Prnin B + D305 Pmay + 3DT03bs D ey + 3b0D3DS Dy
+ 0307 Gumin D + 3010308 Dpax + D308 P + 3030608 D

a1 = b3 + 2bgbabs + 3b2babg + babydmin + 2b0b2brPmin + babsdZin + babidmax + 2616205 Gmax + 200b4b5 Dmax
+ 6b0b1b2bs Prmax + 3b5babs Pmax + b3 PminPmax + 2615257 minGmax + 2006407 GrminGmax + babe P2y Pmax
+ 209b3b5 G + 2010405 Grac + D2b6 Dy + 2b0b506 P + 307 b2b8 D + 6D0b23b8 B0 + BbOb1babE P
+ 3b5b6bs D + babePmin Pimax + 202b3b7 Gmin Ginax + 2015457 Gmin G + 2600657 Gmin Pinax. + D DoninPonax
+ 2b3b4b5 G + 20105b6 Prnax + 6b102b3D8 O} + 36T0abs e + 6b0D304b8 Pra + 6bob1bGDS Do
+ 2b3b4b7 Prmin @3 ax + 2010657 Prmin G3ax + 203b506 Gy + 3620305 Brnax + 6b1b3babs iy + 3b7b6bs Py
+ 6b0b3bebs Py T 2630607 GrminPmax T 3D30ab8Dinan + 6b1b306D8Gnan + 3030608 Dinax



Q2

ag

Q4

Qs

Q7 =
ag =

Qg

= bobs + b3bs + 2bgb2 + 3bob3bs + 3bgbsbs + babsPumin + b3b7Gmin + 2600567 Pmin + bsbedi, + 2b2babs Pmax

+ 20162 prmax + b2b7Pmax + 2006507 Pmax + 3b103bs Pmax + 6bob2bsbsPmax + 6bob1b5bsPrmax + 3b5b7bs Prmax

+ bab7PminPmax + 2020407 G minGmax + 261567 PminPmax + 20003 minGmax + 0607025 Omax + 030502 0 + 2b3bED2, .
+ 2bobsbgdZ ax + 201b5br 2+ 3b3b3bg B2 + 6b1babibsd2, o + 3bobibsdZ . + 3bTbsbsdZ . + GbobsbsbsdZ .

+ 6bobabebg ¢2 . + 6b0b1b7b8 P2 o + D307 DuminD2rax + 2030507 Dmin 2 ax + 2626607 Pmin®2ax + 20162 Prmin G2 ax

+ 2b4bsbg > ., + 2b3bsbr . + 6babsbybsd® . + 3bibIbs D, + 6b1bsbsbsdl,,. 4 6b1babebsd, . + 6bobabebsd .
+ 3b7b7Ds i + 6D0D3b7b8 P + 2640607 Grnin Prnax + 20307 Grmin P + U505 Pmax + 3030108 Oy + 30305b8 Pnax

+ 6bobsbgbg . + 6b1bsbsbsd . + 3bob2bs k. 4 6bibsbrbgd . + babrdmindl . + 6bsbibbsdd,..

+ 3b1b2bg PP, + 3b3brbg D . + 3b3bZbgel ..

= 2b9b2 + bobg + b3bg + 2bgbsbg + 6bobabsbs + 3b3b3 + 2bobsbr min + babgPmin + 2b0b7bsPmin + bbsdZin

+ 2b4b2 Prnax + 2026507 Gmax + 3b3babsPmax + 2610508 Gmax + 6b1b2b5bs max + 6bobabsbsPmax + 6bob2brbsPmax

+ 6bb1b2 Prmax + 264557 PrminPmax + 26202 PrminPmax + 2b1b7b8 Gumin Gmax + 202062 0y + 204bsbrd2 . + 3babbgd? ..
+ 2b3bsbg?,,, + Obobsbsbsd?,,, + 6b1babsbs?,,, + 3b2bsbsd?,., + 6bobsbebsd?,ay + 6b1babrbsd?,,, + 6bobabrbsd?,,..
+ 362022 . + 6bobsb2d? . + 2050667 Prmin D2 + 20402 PuninDrax + 2036708 Pmin®ax + 2b5b6brps + b3bg D

+ 6b3b4b5bs¢max + 6b2babbgd2 . + 6b1b5bebs B 1 + Gbobsbrbsd . + 6b1babrbsd3 . + 6bobsbrbsdl

+ 6b1b3b3 2 . + 2b6b2 </>mm¢max + 3b3bebs P ax + 6b3b5b6bs Bmax + 3b2bEbs Pt + 6b3bsbrbg b s

+ 6b1bebrbg . 4 3b2b2pE .+ 3byb2bs > .. + Gbsbgbrbsdl,.. + bibseS ..

= b3 + 2bobsbs + 3b3bsbs + 3bgb2bs + 6bobaba + b2brPumin + 2b2brbsmin + 20267 Pmax + 2b4b5bs Brmax

+ 6b2b4b5bs Pmax + 3b1b2bs Pmax + 3036708 Bmax + 6bobsb7bs Brmax + 6615205 Grmax + 6b0bab3 Pmax + 20557 Prmin Pmax

+ 2b4b7bs DrminBmax + b5bF Py + 330508 P%ax + 3b3b2bs D20y + 2b5b6bs P20k + 6b2b5bebs By + Gbababrbsd2

+ 6b1b5b7bs s + 3bob2bsd2ay + 6b2b3bEd7 0y + 6b104bZA% . 4 6D0b6DE D ax + b5 Drmin P + 2b6b7bs Grin

+ 6babsbbs . + 3b2brbs 3 .. + 6bsbsbrbsdl,.. + 6babebrbsdl,. . + 3b1b2bsd> .. + 6bsbsb2 . + 6b1bsb2eD .

+ 3bsbEbgpt . + 6bsbsbrbgdi . 4 3bsb2bgt .+ 6bsbsbidn . + 3bEbrbgd ..

= 2b2bg + 3bab2bg + 3b3bZ + 6bobsba + 2b5brbg min + 3b4bZbsPmax + 2b5b708 max + 6b205b7b8Pmax + 6b2b4D3 Dmax
+ 6b1b5b3 Bmax + 6bobrbEPmax + 2b2bs¢mm<z>max + 3b306bs P + 6babsbrbs O + 3bzb2bs<z>max + 30305 b ax

+ 6bsbsb2 2., + Obabgb2p2,. + 6b1brb2¢2 ., + 6bsbebrbsdl,,. + 3bab2bsd> .. + 6babgb2e . + 6bsbrb2e3 ...

+ 3b6b2bs Doy + 3505 Dmarx ¥ =bdb
+ 3b5b2bg 2 o + 6b5bebI D2 o + BbabrbIR2 . + BbsbId2 . + bibs ol + 6bgbrbIR3

= 30202 + 3b2b3 + 6b5b7bE Prmax + 3babiPmax + 3b2b3P2 .. + 3beb3 D2 .

= 3b5b3 + 3b7b3 Prmax

= by



